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Generalized iterated wreath products
of cyclic groups and rooted trees
correspondence
Mee Seong Im and Angela Wu
Abstract Consider the generalized iterated wreath product Zr1 ≀Zr2 ≀ . . . ≀Zrk
where ri ∈ N. We prove that the irreducible representations for this class of
groups are indexed by a certain type of rooted trees. This provides a Bratteli
diagram for the generalized iterated wreath product, a simple recursion for-
mula for the number of irreducible representations, and a strategy to calculate
the dimension of each irreducible representation. We calculate explicitly fast
Fourier transforms (FFT) for this class of groups, giving literature’s fastest
FFT upper bound estimate.
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1 Introduction
Representations of groups appear naturally in nature, more often than groups
themselves. They appear in the form of a linear representation, a permuta-
tion representation, and automorphisms of an algebra, a group, a variety or
scheme, or a manifold. For example, one can study functions on the circle S1,
which could be thought of as a group under addition, which form representa-
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tions of S1. Such functions could also be thought of as periodic functions on
the set R of real numbers, and the decomposition of the space of functions on
S1 is known as the theory of Fourier series. One can also study the additive
group R of real numbers acting on itself under addition. Then one may ask
how the function space of R decompose under the action of the group of real
numbers; this is the study of Fourier transform.
A cyclic group may be thought of as the set of rotational symmetries of a
regular polygon and of a generalized wreath product Zr1 ≀Zr2 ≀ . . . ≀Zrk as the
automorphisms of a corresponding complete rooted tree generated by cyclic
shifts of the children of each node. With applications to functions on rooted
trees, pixel blurring (cf. [1], [5], [11], [12], [13], [14]), nonrigid molecules in
molecular spectroscopy (cf. [2], [3], [18], [24]), and visual information pro-
cessing (cf. [17], [4]), we generalize Orellana-Orrison-Rockmore’s manuscript
[20]. Denoting the iterated wreath product as W (r|k) := Zr1 ≀ . . . ≀ Zrk (see
Section 2.1), we show that the equivalence classes of irreducible representa-
tions of the iterated wreath products W (r|k) are indexed by classes of labels
on the vertices of the complete r|k-ary trees (see Section 2.3) of height k
(Proposition 1).
Let G be a finite group and let V be a vector space over the set C of
complex numbers. Let GL(V ) be the general linear group on V , and let
ρ : G→ GL(V ) be a representation of G, i.e., ρ is a group homomorphism. We
say two representations ρ : G→ GL(V ) and η : G→ GL(W ) are equivalent,
and write ρ ∼ η, if there exists a vector space isomorphism f : V → W
such that f ◦ ρ(g) = η(g) ◦ f for all g ∈ G. We denote by Ĝ the set of
equivalence classes of irreducible representations of G. We say that R is a
traversal for G if R := RG ⊂ Ĝ contains one irreducible representation for
each isomorphism class in Ĝ. As a basic consequence of representation theory,
the equality
∑
ρ∈R dim(ρ)
2 = |G| holds, where the sum is over all irreducible
representations in R.
We denote by [n] := {1, 2, . . . , n} the set of integers from 1 to n, and we
denote the set of length ℓ words with letters in [n] by
[n]ℓ := {x1x2 · · ·xℓ : xi ∈ [n]} .
Now given a subgroup H ≤ G, we write IndGH : Rep(H) → Rep(G) to
be the induction functor from the category of representations of H to the
category of representations of G. That is, given a representation η ∈ Ĥ ,
η : H → GL(V ), we write IndGH η = C[G] ⊗C[H] V , the induced represen-
tation of G from η with dimension [G : H ] · dim η. We also have the dual
construction to induction, which is called restriction. Given a subgroup H
of G, ResGH : Rep(G) → Rep(H) is the restriction functor from the category
of representations of G to the category of representations of H , i.e., given a
representation ρ of G, we obtain the restricted representation ResGH ρ of H
by restricting ρ to H . The induction and restriction functors are related by
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Frobenius reciprocity. We refer the reader to [6] for an explicit and elegant
discussion on the duality of induction and restriction.
For x = x1 · · ·xrk ∈ [h]
rk , define
dx := min{i ∈ N : x
i = x}, where xi = (x1 · · ·xrk)
i := xi+1 · · ·xrkx1 · · ·xi.
(1)
Note that dx|rk for any x ∈ [h]
rk . We write xG = {xg : g ∈ G}, the orbit of
x under G. In the case G = Zr, then i ∈ Zr acts on x by i · x = x
i, cyclically
rotating the letters in the word x.
We now state our first theorem, which generalizes Theorem 2.1 in [20]:
Theorem 1. Suppose that R = {ρ1, . . . , ρh} is a traversal for the iterated
wreath product W (r|k−1). Let J ⊆ [h]
rk denote a set of Zrk -orbit representa-
tives of [h]rk such that [h]rk =
⊔
x∈J
xZrk . Then a traversal for W (r|k) is given
by:
RW (r|k) =
{
Ind
W (r|k)
W (r|k−1)⋊Zdx
(ρx1 ⊗ · · · ⊗ ρxrk ⊗ τ) : x ∈ J, τ ∈ Ẑdx
}
. (2)
Now, an efficient algorithm for applying a discrete Fourier transform is
called a fast Fourier transform (FFT). For a finite group G, we denote by
T (G) the maximum number of computations required to compute {f̂(ρ) :
ρ ∈ RG} over all complex-valued functions f : G → C on G, where f̂ is the
Fourier transform of f at ρ, i.e., it is the matrix
f̂(ρ) =
∑
g∈G
f(g)ρ(g).
For the class of finite abelian groups G, the Cooley-Tukey algorithm given
in [9] and [10], combined with techniques provided in [21] and [23], give an
order of O(|G|log|G|) operation bound on the FFT computation time, where
the O-notation is some universal constant. Rockmore in [22] provides the
fastest algorithm to date in literature for abelian group extensions:
Theorem 2 (Lemma 5 and Theorem 4, [22]). Let K E G be a normal
subgroup of G and assume G/K is abelian. Let ρ ∈ Ĝ. Then there exists a
subgroup H with K ≤ H ≤ G and η˜ ∈ Ĥ such that
• η = η˜|K is irreducible,
• IndGH η˜ = ρ,
• H := {g ∈ G : ρ(g) ∼ ρ}, the inertia group of ρ in G, where ρ(g)(h) =
ρ(g−1hg) for all h ∈ G, and
• if G =
⊔
i∈[G:H]
siH, then ρ = η˜
(1) ⊗ η˜(s2) ⊗ · · · ⊗ η˜(s[G:H]), where η˜(s)(h) =
η˜(s−1hs).
The representation ρ(g) is called a conjugate representation of ρ. By The-
orem 2, we see that it suffices to take a traversal RK of K in order to find a
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complete traversal of G. Then we need to construct the set of extensions of η
to its inertia group Hη for each representation η ∈ RK . Finally, we need to
build up the induced representation of G from each extension. Applying [22]
to give an upper bound on the number of operations needed to compute a
fast Fourier transform of an iterated wreath product, we present an explicit
running time of fast Fourier transforms for W (r|k), thus proving a tighter
upper bound estimate than Theorem 1 in [22]:
Theorem 3. For f : K ≀ Zr → C, we have
(3)
T (K ≀ Zr) = r · T (K
r) +
∑
η∈E
m
(
r dim(η)α + dim(η)2O
(
r log
r
m
))
+ r m · dim(η)α.
Using Bratteli diagrams (see Section 2.4), we calculate the irreducible rep-
resentations iteratively (see Section 5), thus proving Theorem 3.
1.1 Summary of the sections
In Section 2, we provide some background and notation. We begin by defin-
ing wreath products of cyclic groups in Section 2.1, give an introduction to
Clifford theory in Section 2.2, give a construction of r-trees in Section 2.3,
and then define Bratteli diagrams in Section 2.4.
In Section 3, we prove Theorem 1 and then give the number of irreducible
representations for the iterated wreath product Zr1 ≀ . . . ≀ Zrk in Theorem 5.
In Section 4, we prove the one-to-one correspondence between equivalence
classes of irreducible representations of the generalized wreath product and
orbits of compatible r|k-labels (Proposition 1), give the number of r|k-trees
of height k in Corollary 2, and write the dimension of an irreducible represen-
tation of an iterated wreath product of cyclic groups in terms of companion
trees in Proposition 2. In Section 5, we prove Theorem 3, generalizing Theo-
rem 1 in [22] by giving an explicit computation, and finally, in Section 6, we
conclude by providing an open problem.
1.2 Acknowledgment
The authors acknowledge Mathematics Research Communities for providing
an exceptional working environment at Snowbird, Utah. They would like to
thank Michael Orrison for helpful discussions, and the referees for extremely
useful remarks on this manuscript. This manuscript was written during MSI’s
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2 Background
2.1 Wreath products
We refer to Section 1.1 in [20] for a beautiful exposition with illustrative
examples about the construction of the wreath product G ≀ H of a finite
group G with a subgroup H of Sn, which is summarized as follows. We define
an action ofH on Gn = G×· · ·×G by if π ∈ H and a = (a1, a2, . . . , an) ∈ G
n,
then π · a := aπ = (aπ−1(1), aπ−1(2), . . . , aπ−1(n)). The wreath product G ≀H
is defined to be Gn ×H as a set, with multiplication given by
(a;π)(b;σ) = (abπ;πσ). (4)
Throughout this paper, we will fix r = (r1, r2, r3, . . .) ∈ N
ω, a positive
integral vector. We denote by r|k:= (r1, r2, . . . , rk) the k-length vector found
by truncating r.
Definition 1. We define the (generalized) k-th r-cyclic wreath productW (r|k)
recursively by:
W (r|0) = {0} and W (r|k) =W (r|k−1) ≀ Zrk .
Note that multiplication for the wreath product W (r|k) is defined recur-
sively using (4).
Example 1. We have W (r|1) = Zr1 , W (r|2) = Zr1 ≀ Zr2 , and W (r|k) = Zr1 ≀
. . . ≀ Zrk .
Throughout this manuscript, we will be considering the chain of groups given
in Definition 1.
2.2 Clifford theory
The following [7], [16], and [8] contain an extensive background on Clifford
theory, which allows one to recursively construct the irreducible representa-
tions of a group. In this manuscript, we will give a brief overview of the main
results of Clifford theory.
Let G be a finite group and let K be a normal subgroup of G. Then
G acts on the set of inequivalent irreducible representations of K. For any
irreducible representation σ of K, let ∆(σ) denote its orbit under this action,
i.e., inequivalent conjugates of σ. Let StabG(σ) be the isotropy subgroup of
σ under the G-action.
Theorem 4 (Clifford theory). Let K be a normal subgroup of G.
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1. ([6], Theorem 10) If σ be a representation of K, then
ResGK Ind
G
K σ = [Stab(σ) : K] ·∆(σ).
2. ([6], Theorem 14) If ρ : G → GL(V ) is an irreducible representation of
G, then
ResGK ρ =
dρ
[G : Stab(σ)]dσ
·∆(σ),
where σ is any irreducible representation of K which appears in ResGK ρ,
and dρ is the dimension of the vector space V .
We also call dρ the degree of ρ.
2.3 Rooted trees of a fixed height
We define r-trees, a generalization of the r-trees in Section 3 of [20]. A rooted
tree is a connected simple graph with no cycles and with a distinguished
vertex called the root. We say a node v is in the j-th layer of a rooted tree if
it is at distance j from the root.
Definition 2. We define the complete r-tree, denoted by T (r|k), of height
k, or r|k-tree, recursively as follows: let T (r1) be the 1-layer tree consisting
of a root node only. Let T (r|2) consist of a root with r2 children. Let T (r|k)
consist of a root node with rk children, with each the root of a copy of the
(k − 1)-layer tree T (r|k−1), which yields a tree with k levels of nodes.
Example 2. The tree T (r1) is given by • and T (r1, r2) with r2 leaves is given
by
•
③③
③③
③③
③③
③③
③
☞☞
☞☞
☞☞
☞
✺✺
✺✺
✺✺
✺
❍❍
❍❍
❍❍
❍❍
❍❍
❍❍
1
•
2
• . . .
r2−1
•
r2.
•
Example 3. Writing r|3= (r1, r2, r3), the following is the complete tree T (r|3)
of height 3 with 3 levels of nodes:
•
❥❥❥
❥❥❥
❥❥❥
❥❥❥
❥❥❥
❥❥❥
❥❥❥
❥❥❥
❥
☞☞
☞☞
☞☞
☞
◗◗◗
◗◗◗
◗◗◗
◗◗◗
◗◗◗
◗◗◗
◗
1
•
④④
④④
④④
④④
④④
④
✌✌
✌✌
✌✌
✌
✶✶
✶✶
✶✶
✶
2
•
④④
④④
④④
④④
④④
④
✌✌
✌✌
✌✌
✌
✶✶
✶✶
✶✶
✶ · · ·
r3
•
④④
④④
④④
④④
④④
④
✌✌
✌✌
✌✌
✌
✷✷
✷✷
✷✷
✷
1
•
2
• · · ·
r2
•
1
•
2
• · · ·
r2
•
1
•
2
• · · ·
r2.
•
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Example 4. The complete tree T (r|4) of height 4 with 4 levels of nodes is:
•
❣❣❣❣
❣❣❣❣
❣❣❣❣
❣❣
❲❲❲❲❲
❲❲❲❲❲
❲❲❲❲❲
1
•
❥❥❥
❥❥❥
❥❥❥
❥❥
❂❂
❂ · · ·
r4
•
1
•
qqq
qqq
q
✁✁
✁ ❂❂
❂ . . .
r3
•
♣♣♣
♣♣♣
♣
✁✁
✁ ❂❂
❂
1
• . . .
r3
•
1
•
2
• . . .
r2
•
1
•
2
• . . .
r2
•
1
•
2
• . . .
r2
•
1
•
2
• . . .
r2.
•
Notice that T (r|k) has
k∏
i=2
ri leaves, with
k∏
i=k−j+1
ri nodes in the j-th layer.
The subtree Tv of T = T (r|k) is the tree rooted at v consisting of all the
children and descendants of v. We call Tv a maximal subtree of T if v is a
child of the root, or equivalently if v is in the second layer.
Example 5. In Example 4, the subtree indicated by dotted edges in magenta
is a maximal subtree of T (r|4).
Definition 3. Let VT (r|k) be the set of vertices of the tree T (r|k). An r|k-label
is a function φ : VT (r|k) → N on the vertices of the tree T (r|k) that assigns
a natural number to each vertex. A r|k-label is compatible if it satisfies the
following:
1. for k = 1: φ(root node) ∈ [r1], and
2. for k > 1:
a. given any child of the root v, φv := φ|Tv is a compatible r|k−1-label,
and
b. φ(root node) ∈ [d], where Zd is the stabilizer of the action of Zrk on
equivalence classes of {(φv) : v is a child of the root},
where φv denotes the restriction of φ to the maximal subtree Tv.
We say that two compatible labels φ and ψ of T (r|k) are equivalent, and
write φ ∼ ψ, if they are in the same orbit under the action of W (r|k), or
equivalently, if ψW (r|k) = φW (r|k), where ψg(v) := ψ(vg).
2.4 Bratteli diagrams
We refer to Section 4.1 in [20] or to [19] for a detailed discussion on Bratteli
diagrams.
A Bratteli diagram B is a weighted graph, which can be described by a
set of vertices from a disjoint collection of sets Bm, m ≥ 0, and edges that
connect vertices in Bm to vertices in Bm+1. Assuming that the set B0 contains
a unique vertex, the edges are labeled by positive integer weights. The set
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Bm is the set of vertices at level m. If a vertex T1 ∈ Bm is connected to a
vertex T2 ∈ Bm+1, then we write T1 ≤ T2.
Given a tower of subgroups 〈1〉 = G0 ≤ G1 ≤ . . . ≤ Gn, the corresponding
Bratteli diagram has vertices of set Bi labeling the irreducible representations
of Gi. If ρ and η are irreducible representations of Gi and Gi−1, respectively,
then the corresponding vertices are connected by an edge weighted by the
multiplicity of η in ρ when restricted to Gi−1.
Example 6. The Hasse diagram of the partially order set with a labelling
of the edges is the Bratteli diagram of the iterated wreath product of cyclic
groups (see Section 4.1 in [20] for an illustrated example for the n-fold iterated
wreath product of Zr).
3 Irreducible representations of iterated wreath
products
We will now prove Theorem 1.
Proof. First we note that Rrk := {ρx1 ⊗ ρx2 ⊗ · · · ⊗ ρxrk : x ∈ [h]
rk} is a
traversal for W (r|k−1)
rk . Consider the action of Zrk on R
rk by its action on
the indices, indexed by [h]rk . This is isomorphic to the action of W (r|k) =
W (r|k−1)
rk ⋊ Zrk on Ŵ (r|k−1)
rk by conjugation.
Fix some σx := ρx1 ⊗ · · · ⊗ ρxrk ∈ R
rk (which corresponds to the word
x = x1 · · ·xrk ∈ [h]
rk). The stabilizer of x under the cyclic action of Zrk is a
subgroup corresponding to
Zdx
∼=
(
rk
dx
Z
)/
(rkZ)
for some dx|rk. Notice that W (r|k−1)
rk EW (r|k). In the language of Clifford
theory, the inertia group for σx is given by
I = Iσx =W (r|k−1)
rk ⋊ Zdx . (5)
Also notice the inclusion W (r|k−1)
rk ≤ I ≤ W (r|k) of a chain of subgroups.
For H ≤ G and τ ∈ Ĥ , denote
Ĝ(τ) =
{
θ ∈ Ĝ : τ ≤ ResGH θ
}
. (6)
In applying Clifford theory, we find that Î(σ) = {σ ⊗ τ : τ ∈ Ẑd}. More
importantly,
Ŵ (r|k)(σ) =
{
Ind
W (r|k)
W (r|k−1)
rk⋊Zdσ
σ ⊗ τ : τ ∈ Ẑd
}
(7)
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In addition, Ŵ (r|k) =
⋃
σ∈Ŵ (r|k−1)
rk
Ŵ (r|k)(σ). Also, if θ ∈ Ŵ (r|k)(σ) and
θ ∈ Ŵ (r|k)(σ
′) and IGσ = I
G
σ′ , then there exists g ∈W (r|k) such that σ = σ
′g.
The result follows.
Corollary 1. For a particular σ = ρx1⊗· · ·⊗ρxrk ∈ Ŵ (r|k−1)
rk and τ ∈ Ẑdx ,
let I be the inertia group of σ. Then we have
Res
W (r|k)
W (r|k−1)
rk
(
Ind
W (r|k)
W (r|k−1)
rk⋊Zdx
σ ⊗ τ
)
= σ ⊕ σ1 ⊕ . . .⊕ σr/dx . (8)
Proof. This follows from Theorem 1 and an application of Clifford theory.
3.1 Number of irreducible representations
Following the exact same argument for Theorem 2.2 in [20], we have the
following recursion for the number of irreducible representations for W (r|k).
Theorem 5. The number M(r|k) of irreducible representations of W (r|k)
satisfies the recursion
M(r|k) =
1
rk
∑
d|rk
f(d)d2 =
1
rk
∑
d|c|rk
µ(c/d)M (r|k−1)
rk/c d2, (9)
where M(r|1) = r1 and µ(n) is the Euler number for a natural number n ∈ N.
4 Bijection between the branching diagram for
generalized iterated wreath products and rooted trees
In this section, we will give a combinatorial structure describing the branching
diagrams for the iterated wreath products of cyclic groups. In a similar spirit
to Proposition 4.6 in [20], we have the following:
Proposition 1. There exists a one-to-one correspondence between equiva-
lence classes of irreducible representations of the wreath product W (r|k) of
cyclic groups and orbits of compatible r|k-labels.
Proof. We inductively define a map F : Ŵ (r|k) → {r|k-labels} that gives a
bijection between equivalence classes of irreducible representations of W (r|k)
and orbits of labels. Denote by z1 a fixed generator of Zr1 and w1 a fixed r1-th
root of unity. For i = 1, . . . , r1, let τ
(1)
i denote the irreducible representation
of Zr1 such that τ(z1) = (w1)
j .
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Recall that T (r|1) consists of only a root node, and all r|1-labels φ :
VT (r|1) → [r1] are determined exactly by their value on the root node. Thus,
Ŵ (r|1) = {τ
(1)
j : j ∈ [r1]} is clearly in bijection with r|1-labels. To be pre-
cise, F : Ŵ (r|1) = Ẑr1 → {r|1-labels} is defined by F (τ
(1)
j )(root) = j for all
j ∈ [r1].
Suppose for induction that F : Ŵ (r|k−1) → r|k−1-labels gives a bijection
of the form desired. We define F : Ŵ (r|k)→ {r|k-labels} as follows.
Let {ρ1, . . . , ρh} be an enumeration for a traversalRW (r|k−1) forW (r|k−1).
It suffices to define F on a traversal for Ŵ (r|k), such asRW (r|k) defined above.
Then, let ρx1 ⊗ · · · ⊗ ρxrk ⊗ τ be an arbitrary element of RW (r|k). Let
φ := F
(
Ind
W (r|k)
W (r|k−1)≀Zdx
ρx1 ⊗ · · · ⊗ ρxrk ⊗ τ
)
: VT (r|k) → N
be defined as follows: let U = {u1, . . . , urk} be the set of rk children of the
root node. For any u ∈ U , let φu denote the vector r|k−1 found by restricting
φ to the maximal subtree Tu. Let d = dx be as defined in (1). Let ζ be a
fixed generator of Zd and ω a fixed d-th root of unity. For i = 1, . . . , d, let πi
denote the irreducible representation of Zd such that π(ζ) = ω
i.
• For any non-root node of T (r|k) we let the value of φ be defined to satisfy
φui := F (ρxi).
• For the root node, notice that τ ∈ Ẑdx by definition of RW (r|k). But dx is
exactly the integer such that Zdx is the stabilizer of Zrk on the equivalence
classes of {φu : u ∈ U}, so τ ∈ Ẑd. Thus τ = πj for some j ∈ [dx]. Let
φ(root) := j.
It follows from induction that F is a bijection from the equivalence classes
of Ŵ (r|k) to the orbits of r|k labels.
Corollary 2. The number hk(r|k) of r|k-trees of height k is given by the
recursion
hk(r|k) =
1
rk
∑
d|c|rk
µ(c/d)hk−1(r|k−1)
rk/cd2,
where µ(n) is the Euler number of n ∈ N.
4.1 Degrees of irreducible representations
Following the discussion in Section 4.1.1 in [20], we define for any r|k-label φ
the companion tree Cφ.
Definition 4. Fix an r|k-label φ. Define the companion label Cφ to be the
r|k-label C : VT (r|k) → N as follows: an arbitrary vertex v on the ℓ-th layer
of the complete r-tree T (r|k) is
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C(v) =
∣∣∣{φW (r|k−ℓ−1)u : u is a child of v}∣∣∣ .
Recall that xG = {xg : g ∈ G}, the orbit of x under the action of G. So
C(v) is the number of orbits occupied by the r|k−ℓ−1-labels of the rk−ℓ−1
maximal r|k−ℓ−1-subtrees of Tv, or the number of inequivalent sublabels on
maximal subtrees of Tv given by φ.
Example 7. The companion tree Cφ to Example 3 is
r3
•
❥❥❥
❥❥❥
❥❥❥
❥❥❥
❥❥❥
❥❥❥
❥❥❥
❥❥❥
❥
✌✌
✌✌
✌✌
✌
PPP
PPP
PPP
PPP
PPP
PPP
P
2
•
④④
④④
④④
④④
④④
④
✌✌
✌✌
✌✌
✌
✶✶
✶✶
✶✶
✶
1
•
④④
④④
④④
④④
④④
④
✌✌
✌✌
✌✌
✌
✶✶
✶✶
✶✶
✶ · · ·
r3
•
④④
④④
④④
④④
④④
④
✌✌
✌✌
✌✌
✌
✶✶
✶✶
✶✶
✶
1
•
1
• · · ·
1
•
1
•
1
• · · ·
1
•
1
•
1
• · · ·
1.
•
Similar to Proposition 4.3 in [20], we obtain:
Proposition 2. Let ρ be an irreducible representation of W (r|k) associated
to r|k-tree T with companion tree CT . Then the dimension dρ of ρ is given
by
dρ =
∏
v
C(v), (10)
the product of the value of the companion label C on all vertices.
5 Fast Fourier transforms, adapted bases and upper
bound estimates
We will now prove Theorem 3.
Proof. Enumerate RK = {η1, . . . , ηL} so that K has L inequivalent irre-
ducible representations. Notice that
RKr = {ηℓ1 ⊗ · · · ⊗ ηℓr : ℓ1, . . . , ℓr ∈ [L]} = {ηℓ : ℓ ∈ [L]
r}.
Notice that {(1, i) : i ∈ [r]} is a complete set of coset representatives of
Kr in K ≀ Zr = K
r ⋊ Zr. Let fi : K
r → C be defined by fi(k) = f(k, i).
Calculating {f̂i(ηℓ) : i ∈ [r], ℓ ∈ [L]
r} requires r · T (Kr) computations. We
will use the f̂i’s to compute the Fourier transform f̂ .
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It suffices to compute f̂ for every induced irreducible representation of
maximal extensions for all irreducible representations of Kr. So fix some
 = ηℓ ∈ RKr corresponding to some fixed ℓ ∈ [L]
r. Let m = mℓ := min{i 6=
0 : ℓi = ℓ}, where (ℓ1ℓ2 · · · ℓr)
i := ℓi+1 · · · ℓrℓ1 · · · ℓi. Identify K ⋊ Z/rZ
with K ⋊ (Z/mZ×mZ/rZ) to relabel the element (k, i) by (k, i1, i2) = (k, i
mod m, ⌊i/m⌋).
The inertia group of  is given by H = Kr ⋊ Zr/m = K
r ⋊ (1 ×mZ/rZ).
Fix some (r/m)-th root of unity ζ. Denote the irreducible representations
of H/Kr ∼= Zr/m by χj for j ∈ [r/m], where χj(i) = ζ
ij . Let χ˜ : H → C
be given by χ˜(k, i2) = χ(i2). If η˜ is one extension of  to H , then the set
{χ˜j ⊗ η˜ : j ∈ [r/m]} gives the complete set of inequivalent extensions of  to
H . All these extensions are irreducible.
Similarly, we relabel {fi : K
r → C : i ∈ [r]} by {fi1,i2 : K
r → C : i1 ∈
[m], i2 ∈ [r/m]} where fi1,i2(k) = f(k, i1, i2). For all i1 ∈ [m], let fi1 : H → C
be given by fi1(k, i2) = f(k, i1, i2). For all i1, we have
f̂i1(χ˜⊗ η˜) =
∑
k∈Kr ,i2∈[r/m]
χ˜(i2) · η˜(k, i2) · fi1(k, i2)
=
∑
k∈Kr ,i2∈[r/m]
χ˜(i2) · η˜ ((1, i2)(k, 1)) fi1,i2(k)
=
∑
i2∈[r/m]
χ˜(i2)η˜(1, i2)
∑
k∈Kr
η(k)fi1,i2(k)
=
∑
i2∈[r/m]
χ˜(i2)η˜(1, i2)f̂i1,i2(η).
Notice that since η˜ is an extension of η, η˜(k, 1) = η(k) for any k ∈ Kr. Let
αi1(i2) = η˜(1, i2)f̂i1,i2(η). Since f̂i1,i2(η) and η˜ are dim(η)×dim(η) matrices,
finding αi1(i2) for all i1, i2 requires m · r/m · dim(η)
α computations, where
α is the constant of matrix multiplication. Further, the (j, k)-th entry of the
resulting matrix of the summation is the Fourier transform of αjk at the
irreducible χ. As the associated group is Zr/m, Fourier transforms require
time O( rm log
r
m ). There are dim(η)
2 of these functions, so computation of
the final matrix for all i1 requires
m · dim(η)2 ·O
( r
m
log
r
m
)
= dim(η)2 · O
(
r log
r
m
)
computations.
Now, we are interested in computing the matrix value of the transform on
the induced representation ρ := IndGH χ˜ ⊗ η˜ for a specific χ˜ ⊗ η˜. However,
ρ(k, i1, 1) is a block diagonal matrix with entries (χ˜⊗ η˜)
(j) in the j-th place,
where the j represents the irreducible found by conjugating by (1, 1, j). Using
this, we obtain:
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f̂(ρ) =
∑
k,i1,i2
ρ(k, i1, i2) · fi1,i2(k)
=
∑
i2
ρ(1, 1, i2)
∑
k,i1


(χ˜⊗ η˜)(1)(k, i1) · · · 0
...
. . .
...
0 · · · (χ˜⊗ η˜)(m)(k, i1)

 fi1,i2(k)
=
∑
i2
ρ(1, 1, i2)


f̂i2(χ˜⊗ η˜
(1)) · · · 0
...
. . .
...
0 · · · f̂i2(χ˜⊗ η˜
(m))

 .
With dim(η)α ·m2 computations for each induced representation and a total
of rm induced representations, we have r ·m dim(η)
α computations for each
orbit of irreducible representations of Kr under conjugation by G.
In total, we need
r · T (Kr) +
∑
η∈E
m
(
r dim(η)α + dim(η)2O
(
r log
r
m
))
+ r m · dim(η)α (11)
computations, where E is a set of representatives for each G-orbit of irre-
ducible representations of Kr. The size of E is given simply by the number
of orbits of [L]r under action by Zr.
6 Conclusion and future direction
We have given an explicit description of a traversal for the iterated wreath
product W (r|k) of cyclic groups in Theorem 1, and we have determined a
tighter upper bound of the FFT computation time for the iterated wreath
product in Theorem 3.
In our sequel manuscript [15], we examine the representation theory of
generalized iterated wreath products of symmetric groups, where we give a
complete description of the traversal for these families of generalized iterated
wreath products, and show the existence of a bijection between equivalence
classes of irreducible representations of the generalized iterated wreath prod-
uct and orbits of labels on certain rooted trees.
We conclude with an open problem, which is to find adapted bases and
fast Fourier transform operation bounds for chains of subgroups of iterated
wreath products of more general classes of groups.
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